We rigorously prove that the spin-1/2 XYZ chain with a magnetic field has no local conserved quantity. Any nontrivial conserved quantity of this model is a sum of operators supported by contiguous sites with at least half of the entire system. [4] [5] [6] [7] , quantum computation [8] [9] [10] , and highenergy physics [11] [12] [13] . The integrability is roughly equivalent to the existence of infinitely-many local conserved quantities, which guarantees exact solution of these systems [2, 3, [14] [15] [16] [17] [18] . The presence or absence of local conserved quantities is relevant to various aspects of many-body systems. For example, systems with local conserved quantities do not thermalize to the standard equilibrium state [19] [20] [21] [22] , while systems without local conserved quantities appear to thermalize [23] [24] [25] [26] [27] [28] . Another example is the energy level statistics, which obeys the Poisson distribution in integrable systems and obeys the Wigner-Dyson distribution in chaotic systems [29] . The Bethe ansatz and the quantum inverse scattering method are useful to find out energy eigenstates and many local conserved quantities in integrable systems [2, 18, 30] . Now various integrable models, including the Heisenberg spin-1/2 chain, the XYZ chain, the IRF model, and many other more complicated models, have been discovered, and their classification and characterization have been investigated [31] [32] [33] [34] .
Although vast literature is devoted to integrability, very few studies have addressed non-integrability of specific models. Here, we used the word non-integrable in the sense that the model has no local conserved quantity. Since non-integrability is the necessary condition to apply the Kubo formula [35, 36] and is a necessary property for a model of scrambling in black holes [37] [38] [39] [40] , to show non-integrability of concrete models in a rigorous form is relevant to broad research fields from condensed matter physics to high energy physics. In spite of this necessity, the non-integrability of a certain model is usually only expected, and very few theoretical works have tackled to show this fact. A notable exception is Ref. [41] , which tries to argue non-integrability of certain specific models by putting some hypotheses. However, this attempt only draws a heuristic road map, and a rigorous proof of non-integrability has been completely elusive.
In this Letter, we provide the first rigorous proof of the absence of local conserved quantities in a specific model, the one-dimensional S = 1/2 XYZ spin systems with a magnetic field. We show that any nontrivial conserved quantity is a sum of operators supported by contiguous sites with at least half of the system, which means non-locality of this conserved quantity. Our strategy is straightforward. We first assume that there exists a conserved quantity which contains a product of at most k neighboring spin operators, and then show that it must be zero. The case with k = 3, which is treated in detail, already contains the essence for general k.
Setup and main claim.-We consider the standard S = 1/2 XYZ spin chain with L sites under a magnetic field with the periodic boundary condition:
where X, Y , Z represents the Pauli matrices σ x , σ y , σ z , and we set all the coupling constants J X , J Y , J Z nonzero. Since the Hamiltonian is translationally invariant, we can write any conserved quantities in a translationally invariant form (see [42] ):
, where I represents the identity operator. Because the Pauli matrices and the identity span the space of 2×2 Hermitian matrices, the above form covers all possible conserved quantities. We call i A l i as an l-support operator. If a conserved quantity Q satisfies q A l = 0 for any A l with l ≥ k + 1 and q A k = 0 for some A k , we call Q as a k-support conserved quantity. The claim of this Letter is that the spin chain (1) has no k-support conserved quantity with 3 ≤ k ≤ L/2 as long as J X = J Y and h = 0. In other words, all nontrivial conserved quantities are highly nonlocal.
Strategy.-Take a k-support operator Q in the form (2) . We consider the commutator of Q and H, which has at most k + 1-support:
The conservation of Q implies r B l = 0 for any B l . In the first step, we employ the condition r B k+1 = 0, and show that q A k = 0 holds for any A k except those in a specific form. In the second step, we employ the condition r B k = 0, and show that q A k = 0 holds for all the remaining A k . This completes the proof of absence of k-support conserved quantities.
Case of k = 3:
Step 
is generated by the following two commutators:
In case without confusion, we drop the summation of i and subscripts for visibility. We represent these two relations as
where the horizontal bar represents a commutator (including the imaginary number i), and the horizontal positions correspond to the positions of spin operators. Because the operator XY Y X in [Q, H] is generated only by the above two commutators, the condition r XY Y X = 0 implies
Notably, some 4-support operators are generated only by a single commutator. An example is XXXY , which is generated only by
This fact directly means
In addition, by considering commutators
we have
(9) In a similar manner, we arrive at the fact that q ABC = 0 if two of A, B, C are the same. Moreover, we have q AIB = 0 for any A, B, which follows from
and similar relations.
In summary, the analysis of 4-support operators in
and coefficients of other 3-support operators in Q turn out to be zero. Case of k = 3:
Step 2 .-We next focus on 3-support operators in [Q, H] . First, Y ZY is generated by the following four commutators;
both of which are generated by three commutators, we further have
Summing Eq. (11) with multiplying 1/J Y , Eqs. (12), (13) with multiplying 1/J Z , and substituting relations
Eq. (10), both q Y X and q XY vanish and we arrive at
Hence, q XY Z = 0 holds as long as h = 0 and J X = J Y . Due to Eq. (10), q XY Z = 0 suffices to prove the absence of 3-support conserved quantities in the XYZ chain with a magnetic field. General case:
Step 1 .-We proceed to analyses on
. We shall show that such a Q does not exist.
We first consider k + 1-support operators in [Q, H] . To explain our findings, we introduce a useful expression of operators such as
where c takes one of {±1, ±i} to make its coefficient 1.
The symbol A, which we call doubling product, represents the exchange interaction of A, and the neighboring symbol has its support with single-site shift. The coefficient c leads to the following rule of the product:
We require that the same symbols cannot be neighboring (e.g., XXZ is not allowed). If an operator can be expressed in the above form, we call this operator doublingproduct.
We now claim that the condition r B k+1 = 0 for all B k+1 leads to the following two facts: (i) all k-support operators in Q which are not doubling-product have zero coefficient, (ii) any two coefficients of doubling-product ksupport operators in Q have a linear relation as Eq. (10 The former fact (i) is ensured in a similar line to above. If an operator is not doubling-product, this operator has at least one inconsistency in the doubling-product representation. Consider XY ZZX = XZ · (ZX) as an example. By removing the leftmost X and adding Y from right as in the above paragraph, the obtained operator ZZZZY obviously has zero coefficient for the same reason as Eq. (7). In a similar manner to above, all nondoubling-product operator can be shown to be zero.
General case:
Step 2 .-From the facts (i) and (ii), it suffices to prove one of the coefficient of a doublingproduct k-support operators in Q zero, which is accomplished by considering k-support operators in [Q, H]. Similar to the case with k = 3, a k-support operator in [Q, H] is generally generated by four commutators; two commutators between a k-support operator in Q and a magnetic field in H, and two commutators between a k − 1-support operator in Q and the exchange interaction in H. For example, ZXZXZ is generated by the following four commutators:
However, in some cases, a k-support operator in [Q, H] is generated only by three commutators. This happens when the two leftmost or rightmost operators of the ksupport operator are the same, which we have already seen in case with k = 3 (Eqs. (12) and (13)).
To describe commutators such as Eq. (16) in the doubling-product representation, we introduce some symbols. First, we introduce a symbol "↑ Here, the magnetic field Z settles at the site i + 2 because XY Z = c(X i X i+1 )(Y i+1 Y i+2 )(Z i+2 Z i+3 ) and the overlap of Y and Z, which is referred by the upward arrow, is at the site i + 2. Using this symbol, the two commutators in the left of Eq. (16) are expressed as
Next, we introduce a symbol " Z | ", which represents multiplication of Z at this position with setting coefficient 
Here, XY · · · Y X is the abbreviation of the alternation of X and Y . Each horizontal row of the sequence consists of three or four commutators generating the same k-support operator in [Q, H] , which yields a relation of coefficients. For example, the first and second rows yield
Remarkably, any k −1-support operators in this sequence appears twice [45] . By summing up corresponding relations with multiplying proper coefficients to cancel all the coefficients of k − 1-support operators and using the linear relation for doubling-product operators obtained in the previous section, we arrive at
This directly implies that all the coefficients of k-support operators are zero as long as h = 0 and J X = J Y . Discussion.-We have shown that there is no ksupport conserved quantity in the XYZ chain with a magnetic field for 3 ≤ k ≤ L/2. Our result is consistent with the known results for the XYZ chain without a magnetic field [16, 17] , which construct a k-support local conserved quantity of this model by using the boosting operator. Our result proves that this is the only possible k-support local conserved quantity in this model.
The proposed techniques and ideas can be extended to other one-dimensional spin-1/2 systems [44]. An example is systems with next-nearest interaction including the Majumdar-Ghosh model [46] and the Shastry-Sutherland model [47] . The extension to two-dimensional systems such as Kitaev's toric code model [48] is also interesting. The extension to spin-1 systems such as the AKLT model [49] looks not straightforward since the rule of the product of spin-1 operators is more complicated than the case of spin-1/2.
Another challenging extension is to quasi-local conserved quantities, whose importance has recently been discovered in the Heisenberg chain and the XXZ chain [50] [51] [52] [53] [54] [55] . Our proof for local conserved quantities crucially relies on the smallness of the support, and thus the extension to quasi-local conserved quantities is not straightforward. A possible direction to solve this problem is to evaluate the amount of the operator norm of each k-support operators and bound the speed of decay with respect to k. In any case, we need more sophisticated ideas to demonstrate the absence of quasi-local conserved quantities, which merits future research.
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Supplemental Material for "Proof of the absence of local conserved quantities in the XYZ chain with a magnetic field"
Naoto Shiraishi
In this Supplemental Material, we shall explain why we safely assume the form of the candidate for a conserved quantity as in the translationally invariant form.
Treatment of non-translationally-invariant candidates of k-support conserved quantities
As we have seen in the footnote [42] in the main text, a candidate for a conserved quantity Q = s j=1 m x=1 C x mj+x , which is not translationally invariant, reduces to the translationally invariant form
we can apply to Q ′ the same analysis shown in the main text and conclude that such a Q ′ , and thus such a Q, does not exist. However, if Q ′ is a less-than-k − 1-support operator, this argument does not work well. In particular, if Q ′ becomes a trivial conserved quantity (H, I, or 0), we cannot conclude that such a Q does not exist. In this Supplemental Material, we consider this exceptional situation.
Suppose that at least one of C x s is a k-support operator, while the sum which is conserved as long as Q is conserved. In the following, we analyzeQ instead of Q itself. Although we shall treat only the case with k = 3, the following argument is easily extended to a general k. We employ the same symbol q to express the coefficient in S a as S a = A q A A. Following a similar argument to Step 1 in the main text, we find that S a should consist of doubling-product operators. In contrast, the linear relation between these doubling-product operators is a little modified from Eq. (10). For example, the relation with XY (XZY ) and Y Z (Y XZ) provides a relation not J Z q XZY = J X q Y XZ but
